UDC 539.3

CONSTRUCTION OF GREEN!'S FUNCTIONS AND MATRICES FOR EQUATIONS
AND SYSTEMS OF THE ELLIPTIC TYPE

PMM Vvol, 42, No, 4, 1978, pp. 695-700
I. M, DOLGOVA and Tu, A, MEL'NIKOV
(Dnepropetrovsk)

{Received November 18, 1977)

A method of constructing Green's functions and matrices of mixed boundary va-
lue problems for regions bounded by coordinate lines in arectangular Cartesian
andpolarcoordinate systems (band, half-plane, rectangle, circle, ring, and
circle and ring sectors) is presented. Several closed representations of such
functions and matrices are obtained for Laplace equations and Lame's system
for the plane problem of the theory of elasticity.

1, Let us determined the solution U = U (x, y) of the plane problem of the th-
eory of elasticity defined by displacements

L@%/0x% 02/ 0y?, A, p) U (x,y) = F (x, y) (L)
B, (0/0x, 8 /08y)U (z,0) = By (3/ 0z, /dy) U (z,b) =0
By (d/0x, 8/0y)U(0,y) =B, (0/ 0z, 0/0y) U (a,y) =0

in the rectangle Q (0 <C 2 <{a, 0 Cy < b). In these equations U (z, y) and
F (z, y) are vectors of displacements of points of rectangle Q and of volume forces,
respectively; A and p are Lamé's constants that define the elastic properties of the
material filling the () -space, The elements of the matrix operator L = (L;;) .,
are determined by formulas

Ly= G+ n)d*/ 022+ A, Ly, ==Ly = (h+ pn) o2/ oz oy
Loy = (A + )%/ oy* + A

Operators B; (i = 1, ..., 4) define the conditions of interaction of the consider-
ed rectangle with surrounding medium,

We assume that the solution of problem (1. 1) and vector F (z, ¥) canbe repre-
sented by the expansions

U )= 30U, Fl, » =2 G)Fu() (.2

1=

cosvy O

. v = nnbt
0  sinvy|’

Qn(y) =

Note that such representation must ensure the fulfilment of the first two boundary
conditions of problem (1. 1), which, for instance, occurs in the case, which is of pra-
ctical interest, of the stress-strain state symmetry with respect to sides y = 0 and
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y=~>b of the Q-rectangle when

I

= (1.3)
2= nd/dy pa/ox

B].:

In that case we obtain from (1. 1) and (1, 2) the system of ordinary differential eq-
uations

Ln (a2 / axz, x’p‘)U'ﬂ (z) = Fn (x) (n = 01 1’ 21 -¢~) (1.4)

with boundary conditions

Bgn (0/0z) Uy, (0) = By (8/02) U, (@) = 0 (1,9)
Elements L5 of matrix [, are determined by formulas
L= M+ 2p)0%/ 62 — v, L," = — Ly = (A+p)vd/ oz
Ly" = pn 0%/ 02 — (A + 2p) v2
Vectors
Uny (2) = _ezi el R (2) = “ — (M +p)vzexpvz. (1.6)
p vz [(A + p)ve + (A + 3u)] exp vz
U,, () = exp (— vz) .U 2{’ )\.-Lp)vxexp(—vx)
(%) “exp (— vz) ma (%) [(A+ p)ve — (A +3p)] exp (— vx){

represent the fundamental systc;m of solutions of the homogeneous system that corres-
ponds to (1.4) for n = 1, 2, 3, ...(the case of n = ( , although trivial, nust be
considered separately).

Using the procedure of the Lagrange method of varying independent variables, we
obtain the general solution of system (1.4) of the form

U, (a) = Ssnx, F\(2)dk + Po () D, -0

where the elements §;;" (z, §) of matrix' §, (z, §) are determined by formulas

Su" @ 8 =a@—FH—bxr—8, Sy & =—me@—§
Su" (@ 8 =c@—8), Sp'"@f=mla@—8 +b@— ¥l
a(w) =Yyv1(RA+ 3p)shvu, b =Y, A+ p)uchvu

c(uw) =Y, A+ p)ushvu, m = p (h -+ 2u)7?

and P, (x) = (Uy; (z)) isa 2 x 4 matrix whose columns are represented by
vectors (1. 6). ’

The column matrix of arbitrary constants D,, must satisfy formula (1,7) and boun-
dary conditions (1.5), and is determined by the integral
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D, = [ W, (@) F.@)dt
0

which after substitution into (1, 7) yields
a

Un(@) = [ gu(@ BF.(®)d (n=1,2,3,...) (1.8)

The kernel
(@ B) - Pr(z) W,(E) for x>E
En (1’, g) - { P, (-Z') Wn (E) for =z <§

of integral (1, 8) is the Green's matrix of the boundary value problem (1,4), (1.5).
As already mentioned, g, (%, &) can also be obtained by the described method using
the fundamental system of solutions for n = 0.

Applying now the Fourier-Euler transformation formula to F,, (E) , from (1.8) and
the first of formulas (1. 2) we obtain

ab oo
U y) =\ [TZ Qn () gn (@ &) Qu(mIF § mdidn (19

n=p

_f1 for n=0
en‘—{z for n>0

Owing to the uniqueness of solution of problem (1, 1) and the known corollary (see,
e.g., [1]) from the second Green's formula the kernel of integral (1, 9)

£, O (1.10)
Gl g & =Y 0n(0) g, (@ B Qnln)

n=0
is the sought Green’s matrix of this problem,
In some cases it is possible to summate expressions of the type (1,10). Thus, for
example, by formulating problem (1, 1) in the half-band (—o0o < 2 <L 0,0 < y
< b) , defining matrix B, as

(1.11)

By(9/0z, 8 oy)=| | 0 4

po/dy no/ox

and stipulating boundedness of vector U (z, y) when z — — oo, the components
g:;i" (z, E) of the kemnel of integral (1.8) for z < § are determined by formulas

gz, 8 =p@e—8 —q@—8 —p@—58 +qx+7
g @, &) =mlple—8 +p+ 8, ga"@— 8=
ple+8 —p—E
g (2, 8) = —mlp@x—§) +qg@@—E§ +p@+E +
q (z + &)1
p @ =Y, (A4 p)ue, g @@ = @)™} -+ 3p) e
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When 7 = 0 and z <& wehave

g1 = mpE, g1° = g3° = g2’ =0

Carrying out the summation in (1, 10) and taking into account the known relation-
ships

ng,lzt"cosn\z=(1 —tcosy) (1 — 2tcosy + £2)71 (1.12)
Zt"n‘lcosnvz ——;—ln(i — 2tcosy + t?)

n=1

21,0<y<2n

we obtain the expression for the element Gy (2, ¥; &, M) of the sought Green's matrix
in explicit form

Gu(x,y;ﬁ, )—"‘mP‘ReC—-—(X—I-?)p.)bln EG+Q E(z+{) n
E(z—10) E(z—0)

7»+u J{Re(z—0)[Q(z—{)+ Q(z — )] —
Be(z+€)[0(Z+C)+ Qi+ Em®=|1—o0@l
Qu)="P(u)E2(u)
o (u) =expIndb ], P (w) =Rell — o ()]
z=z+ iy, {=§+ iy
and for other elements of Green's matrix we have

G @y Em)="YspA+p)R+20) {Re(z—DIT -0 +
TE—Ol+Rez+ OIT G+ 1)+ T+ D

Gar (2, 45 € ) =Yg (M + 1) {Re(z —0) [T z—0)—T(E—01+
Re (z + c)[T(z+ 0 — T+ Dl}

Gas (z, 43 & A+ 3u)ymbIn ECTOEGC—D)
22:1' y; & M) = ( + 3u) nE(w—g)E(z—[—Z,)
-,;—(K-I-M)m{Re(Z—*C)[Q(Z— H—QGE—0l—

Re(z +0)[Q(z+0)—Q(z + 1))
Tw=Sw E2w, Sk =Ino(u

The derived construction satisfies all properties that define Green's matrix,

2. We present below some of the results of application of the described method
for deriving Green's functions of the Laplace operator for various boundary value and
mixed problems, Thus, for instance, in the case of the Dirichlet problem for the half-
band (x > 0, 0 <{ y < b) the Green's function is expressed by the expansion
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gy & m) =207 X g, (x,E)sinvysinvy, v=nab?
n=1

gn (2, ) = Yoyl lexp (—v (z + E) —exp (v (¢ — E)], z < &

whose summation with the notation introduced in Sectn, 1 taken into account yields

X 1. EG—DE(E+D) (2.1)
g,y & "])—ﬁln EGz—0EGLD)

Formula (2, 1) coincides with that obtained in [2] using a different representation of

Green's function for the half-band,
In the case of mixed problem

6u/0x’ = 0, v| =0

Yy==0; b =

x=0
by analogy to the above for the half-band we have

_ 1 EG-DEG+Y 2.2
g(l,y,g,m-—-ﬁln E(z—Q)E(:+E) ( )

When the half-bands are considered with the condition
(60/ ox + ﬁv)x=0 = O, v lu:o;b ==

we obtain
‘ 1, EC—DE(+1) (2.3)
T, Y o iy =51 =— —
BB S = M T E e D
2pb1 Z [v(B — v)I texp[— v(z + E)] sin vy sin vy, v = nxb™!
n=1

from which in the particular case of B = Owe obtain formula (2. 2).

Following the procedure described in Sect, 1 for the Dirichlet problem in the rec-
tangle (0 <C = < @, 0 <C y <C b)for the Green's function we obtain the following ex-
pression

lm ey L EG—DE@E+D
g o =g N FLOEGTD 9

o0

26 ? [sh vz sh —Y% sh vaJ sin vy sin vn
ve
=1

Mixed boundary value problems for a rectangle do not present any significant diff-
iculties, Thus, when

V=0 = U ly—0;p = (00 / 0z + PU)g—y = 0

we obtain L, EG—DE@+0
. o z— S 2.9
g, u; &, ﬂ)«ﬁlﬂ EG-0OE(G+0 (2.9)
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o0

2h™ Z [(8 —v)shvzsh e expve (Bsha 4 vch va)] sinvy sinvn

v
==}
It will be readily seen that the functions specified by formulas (2, 1)=(2, 5) satisfy
all of Green's functions properties,

3. We conclude by presenting some of the results of constructing Green's functions
for mixed boundary value problems of the Laplace equation for regions whose boundaries
are defined by coordinate lines in a system of polar coordinates, Thus for the Dirichlet's
problem in the circular sector (0 < r <X R, 0 < 9 <X @) Green's function is of the form

[ 20— 9] | (R22)® — ()| (3. 1)
| 2% =% | (R22)° — (r20)7 |

1
g("rq);f’9‘p):"j?ln

z=r{cosQ +ising), {=p(cosp-+isinP),o=an/a
The problem

v !(prn = gv/dg [p=a = 0
for sector (0 < @ < ) yields
} 2%/ 4+ §0/2* I L0012 503:21 (3.2)

| 20— R | o 72

1
grngipY)=—51In

which for @ = 2 yields the expression for Green's function of the mixed boundary
value problem for the half-plane,
In the case of an infinite ring sector (r > R, 0 < ¢ < a) with boundary condit-
ions
V lpmp = Vlg—y = 00/ Or|p = 0

we obtain the following representation for Green's function
[ 22— %) | (B%)° —(r)° |
27—} [(R2%)° — (%)% |

Green's function of the Laplace operator for the infinite ring sector with boundary
conditions

1
g(rie; %) =5 In (3.3

v ’(p=o =v|._p=0v/0Q '¢=a =0
is of the form
) 1 [ zv}z R :6/2, iz"m—wi"ﬂi
g, o;p, ) =9 ln{ | z0/2+zc/2| lzo/zﬂccm‘
| (622)°2 + (RE)P2| | (p22)°2 — (RY)2|
| (22)°1% - (R%)°1% | | (p22)*/2 — (R )°12 | }

(3.4)

Boundary conditions

"Icp=0;a = (gv/ dr + Bohyep = 0

for the infinite ring sector yield
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| 2° —E°1 | (R22)° — (rEL)° |

3.9
|27 =% |(R%)° — (r20)° | 9

1
g(r,@;p, ) =5~ In

28Ra™1 Z [R¥/vr¥s"Y (BR — v)] sin vg sin vy, v = naa-1
n=1
In the case of the boundary value problem

Vlg—p; 0= Vlr=pr, = v/ or|,_p, =0

for the ring sector (R, < r <X Ry, 0 < ¢ < @) we obtain Green's function of the form

12°—Tol| (Ry%)° — ()7 (3.6)

[ 2°— L% | (R22)° — (rT)° |

ot i (0 — RY) % — RY)
vrp (R?Y -+ RY)

1
90 %) =5 In

sin v sin vy
n=]1
Functions (3, 1)-(3. 6) satisfy all of conditions that determine Green's function.,
The boundary value problems listed here for which Green's functions and matrices
can be derived by the described method do not exhaust its application field. These
problems should be viewed as an illustration of the effectiveness of the proposedmethod.
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